Using angle-resolved photoelectron spectroscopy and ab-initio GW calculations, we unambiguously show that the widely investigated three-dimensional topological insulator Bi2Se3 has a direct band gap at the Γ point. Experimentally, this is shown by a three-dimensional band mapping in large fractions of the Brillouin zone. Theoretically, we demonstrate that the valence band maximum is located at the Γ point only if many-body effects are included in the calculation. Otherwise, it is found in a high-symmetry mirror plane away from the zone center.
Using angle-resolved photoelectron spectroscopy and ab-initio GW calculations, we unambiguously show that the widely investigated three-dimensional topological insulator Bi2Se3 has a direct band gap at the Γ point. Experimentally, this is shown by a three-dimensional band mapping in large fractions of the Brillouin zone. Theoretically, we demonstrate that the valence band maximum is located at the Γ point only if many-body effects are included in the calculation. Otherwise, it is found in a high-symmetry mirror plane away from the zone center. Bismuth selenide has been widely studied for many years for its potential applications in optical recording systems [1] , photoelectrochemical [2] and thermoelectric devices [3, 4] , and is nowadays commonly used in refrigeration and power generation. Recently, it has attracted increasing interest after its identification as a prototypical topological insulator (TI) [5, 6] . Its surface electronic structure consists of a single Dirac cone around the surface Brillouin zone (SBZ) centreΓ, with the Dirac point (DP) placed closely above the bulk valence band states. In order to exploit the multitude of interesting phenomena associated with the topological surface states [7, 8] , it is necessary to access the topological transport regime, in which the chemical potential is near the DP and simultaneously in the absolute bulk band gap. Due to the close proximity of the DP and the bulk valence states at Γ, this is only possible if there are no other valence states in Bi 2 Se 3 with energies close to or higher than the DP. Therefore, it is crucial to establish if the bulk valence band maximum (VBM) in bismuth selenide is placed at Γ (and thus projected out toΓ) or at some other position within the Brillouin zone (BZ). As the bulk conduction band minimum (CBM) is undisputedly located at Γ [9, 10] , the question about the VBM location is identical to the question about the nature of the fundamental band gap in this TI, direct or indirect.
The nature of the bulk band gap is thus of crucial importance for the possibility of exploiting the topological surface states in transport, but the position of the VBM in band structure calculations remains disputed. In a linearized muffin-tin orbital method (LMTO) calculation within the local density approximation (LDA), the VBM was found at the Γ point, implying that Bi 2 Se 3 is a direct-gap semiconductor [11] . Contrarily, by employing the full-potential linearized augmented-plane-wave method (FLAPW) within the generalized gradient approximation (GGA), the authors of Ref. 9 have found the VBM to be located on the Z − F line of the BZ, which is lying in the mirror plane. Similar results have been obtained in Ref. 12 with the plane-wave pseudopotential method (PWP) within the LDA. Various density functional theory (DFT) calculations of the surface band structure of Bi 2 Se 3 [5, 7, 13, 14] also indicate that the VBM of bulk bismuth selenide is not located at the BZ center. The inclusion of many-body effects within the GW approximation was shown to change this situation somewhat because it decreases the size of the band gap at the BZ center, leading to two essentially degenerate VB maxima, one along the Z − F line and another one at the Γ point [12] , the former being a mere 0.02 eV below the latter. Apart from that (and a number of other approximations employed in this work to be discussed below), the valence band dispersion has only been calculated along high-symmetry lines of the BZ, precluding a firm conclusion about the position of the VBM in the three-dimensional BZ. Thus, the nature of the band gap has not yet been determined unequivocally.
Experimentally, it appears that the assumption that bismuth selenide is a material with a direct band gap has first been made in Ref. 15 , where galvanomagnetic properties were investigated. By inspecting angle-resolved photoemission spectra in the Γ − Z − F direction, the authors of Ref. 9 have concluded that the VBM is located at the Γ point. More recent experimental studies have focused mostly on the topological state in the immediate vicinity ofΓ (see e.g. Ref. 6) . A systematic exploration of the experimental dispersion along different lines in the whole mirror plane of the BZ is lacking. Nevertheless, the existing evidence from angle-resolved photoemission spectroscopy (ARPES) points towards a VBM at the Γ point, in contrast to most ab initio calculations that place the VBM quite far away from Γ. However, there is an observation that is not consistent with the ARPES results, which appears to be evidence for an indirect band gap coming from scanning tunnelling microscopy (STM) quasiparticle interference experiments [14] .
In this Letter, we report on theoretical and experimental evidence for a direct band gap in bismuth selenide. We systematically explore the valence band structure in large fractions of the BZ and show theoretically that the VBM is found at Γ, but only if GW corrections are taken into account. The calculated dispersion for the upper VB is found to be in good agreement with ARPES results. Our findings are important for the scattering and transport properties of the topological surface states and may call for a new interpretation of previous results, e.g. the aforementioned quasiparticle interference experiments that were interpreted based on the indirect band gap found in DFT [14] .
Experiments were performed on single crystals of Bi 2 Se 3 [16] . ARPES measurements were carried out on the SGM-3 beamline of the ASTRID synchrotron radiation facility [17] . In order to probe the Bi 2 Se 3 bulk band structure, the photon energy was varied from 14 to 32 eV in 0.1 eV steps. The combined energy resolution was ≤ 22 meV and the angular resolution was ∼0.15
• . Samples were cleaved in-situ at room temperature, then cooled to ∼70 K for measurements. The k z values for the three-dimensional representation of the photon energy scan were calculated using free-electron final states,
, where θ is the emission angle and V 0 is the inner potential. From the normal-emission ARPES data it is easy to locate a Γ point. The value of V 0 = 11.8 eV was determined by iteratively changing V 0 such that the k z value corresponding to this Γ point agrees with the size of the Bi 2 Se 3 BZ. It should be noted that V 0 = 11.8 eV is in good agreement with values reported previously [6, 16, 18, 19] and is the only value between 1 and 26 eV which results in a correct k z value for the Γ point.
Experimentally, we go beyond the standard approach of ARPES band structure determinations by probing a large fraction of k-space on a dense grid of emission angles and photon energies, even though only a fraction of the data in the most relevantΓ −M direction of the SBZ is shown here. Combined with the assumption of free electron final states, this permits us to plot the photoemission intensity as a function of k z for a given k = kΓM value parallel to the surface alongΓ −M [ Fig. 1(a) ] or at constant k z as a function of kΓM [ Fig. 1(b) ]. This unconventional way of plotting ARPES results is only possible based on a large data set, but it is excellently suited for a comparison to band structure calculations.
Our ab initio calculations were performed by employing the FLAPW method as implemented in the FLEUR code [20] within both the LDA of Ref. 21 and the GGA of Ref. 22 for the exchange-correlation (XC) functional. The two approximations mentioned (LDA and GGA) have been used in order to reveal the effect of different reference one-particle band structures on the GW results. The GW approximation (with the inclusion of spin-orbit interaction as implemented in the SPEX code [23, 24] ) was applied in the one-shot framework, where the Kohn-Sham eigenfunctions are taken as approximate quasiparticle wave functions. As an additional factor that can affect our ab initio results, we consider two sets of atomic positions for Bi and Se atoms in a rhombohedral crystal structure. One set of positions corresponds to the experimental atomic positions reported in Ref. 25 (labeled as "unrelaxed"). Another set (labeled as "relaxed") was obtained during a relaxation procedure optimizing the atomic positions at fixed volume. For more computational details, we refer the reader to Sec. S1 of the Supplemental Material [26] .
Our GW study goes beyond the one of Ref. 12 in several aspects; instead of the PWP, we employ the FLAPW method, which treats core, valence, and conduction electrons on an equal footing. Furthermore, we do not resort to a plasmon-pole model for the dielectric matrix but directly calculate the full dynamical response within the random-phase approximation (RPA) without any approximation for the frequency dependence. In Ref. 12 the GW calculation was performed without spin-orbit coupling; spin-orbit interaction was included by second variation using the GW corrected eigenvalues only after the quasiparticle spectrum had been obtained. We use the full four-component spinor wave functions, as obtained from a fully relativistic DFT calculation, directly for the GW calculations as in Ref. 23 . Spin off-diagonal elements in the Green function and the self-energy are thus fully taken into account. Finally, we investigate the behavior of the valence and conduction bands not only on certain lines of the BZ, but in the whole symmetric mirror plane, which is sampled by a dense equidistant mesh composed of 225 k points. For each of these points a separate GW calculation was performed, rather than applying Wannier interpolation on a coarse mesh as in Ref. 12 .
The calculations and ARPES results are compared in Fig. 1 . For the present purpose, the ARPES data should be interpreted as cuts through the spectral function, with the ARPES intensity maximum corresponding to the band structure of the solid. The cut in Fig. 1(a) , which corresponds to kΓM = 0Å −1 , i.e., normal emission, has two features that disperse along k z . These are derived from the CB and VB. The CB is partially occupied by the degenerate bulk doping of the sample. The dispersion of these features is independent of the doping of the sample. Here it is advantageous to use data from a strongly n-doped sample such that the VB and CB dispersions are identifiable. However, essentially the same VB dispersion is obtained for an intrinsic sample, or even for a sample with such a strong surface band-bending that both the VB and the CB states are quantized [27] . This point together with an illustration of how the experimental dispersion is obtained by tracking the intensity maxima in the data are further addressed in Sec. S2 of the Supplementary Material [26] .
The experimental data set also shows three features with non-dispersive two-dimensional (2D) character. The first one is the topological state at the Dirac point which is located at a binding energy of E B ≈ 0.45 eV. The second and third features are the so-called M-shaped state at E B ≈ 0.75 eV and the parabolic free-electron-like state at E B ≈ 0.25 eV (the latter is indicated in Fig. 1(a) as 2DEG -two-dimensional electron gas). These states have been interpreted as the 2D states formed by the quantization of the valence and conduction band states, respectively, in a potential well formed by the downward bending of the bands at the surface [16, 28, 29] . Alternatively, in Refs. [30] [31] [32] [33] the emergence of the states is explained by an expansion of van der Waals spacings due to intercalation of surface-deposited atoms. The intercalation of adsorbed Rb atoms, on the other hand, does not change the surface electronic structure significantly and so this point remains controversial [34] . The photoemission intensity of the surface-related features shows a resonant enhancement at the photon energies for which bulk states with a similar wave function periodicity along k z is observed. The topological state and the 2D state in the conduction band are enhanced at Γ whereas the M-shaped state is enhanced near Z.
The best agreement between experimental and theoretical data is reached in the case of the LDA+GW calculations with the relaxed atomic positions. However, the experimental band-gap value (0.332 ± 0.055 eV) is not so well reproduced as in the LDA+GW case with experimental atomic positions (see Table I ). As is clearly seen in Fig. 1(a) , the shown LDA results, which reflect the situation when the VBM is located in the mirror plane of the BZ [see Fig. 2(a) ], are quite far from the experimentally observed valence-band edges. Also, it appears that all calculations overestimate the total width of the upper valence band.
Similar to the conventional semiconductor systems, the GW corrections to the LDA band structure have mainly "moved" the conduction band away from the valence band on the energy scale. This fact is visually represented in Fig. 2(a) , where one can catch sight of only slightly changed contours of the bands in the mirror plane upon including the many-body corrections. Nevertheless, there is a crucial point that drastically distinguishes the TI from the conventional semiconductors. This point is the band inversion near the center of the BZ. Owing to this inversion, as was recently shown in Ref. 12 , the mentioned movement apart decreases the "penetration" of the bands into each other near the Γ point, i.e., the hybridization due to spin-orbit coupling is reduced, and, as a result, both the band-inversion region in k-space and the Γ-point band gap become smaller.
For Bi 2 Se 3 , the mentioned mechanism of the manybody corrections finally leads to shifting the VBM to Γ, as is clearly seen in Fig. 2(b) , while the VBM of LDA turns into a shallow local maximum that is 0.04 eV below the VBM at Γ, twice as big a difference as in Ref. 12 . The difference increases further to 0.15 eV when the relaxation of the atomic positions is taken into account as shown in Fig. 2(b) , which corroborates the identification of the band gap as a direct one. Furthermore, the relaxation causes a larger upward shift of the conduction band beyond the band-inversion region and concomitantly a smaller direct band-gap value for the same reasons as laid out above. On the LDA level, on the other hand, the relaxation results in a shift of the VBM along the mirror plane towards (but not reaching) the center of the BZ and a reduction of the indirect band gap. Fig. 2(c) shows the GGA band structure without and with the GW corrections. As compared to the LDAbased calculations, the presented data allow one to address the question of how different approximations to the XC functional affect the GW results. We have obtained not only similar behaviour of the bands under study for both reference band structures (LDA and GGA), but even qualitatively close GW -results on the valence-band edge, as one can judge from Fig. 1 . Besides, the performed DFT+GW calculations with different XC functionals and relaxed atomic positions give practically the same band-gap value (see Table I ). The difference between the VBM and the local maximum along the Z − F direction increases by 0.03 eV in GW when using a GGA reference system instead of a LDA one. Also, the RPA dielectric constant ε ∞ turns out to be quite stable upon changing the XC functional and relaxed atomic positions and is consistent with experimental data (see Table SI of  the Supplemental Material [26] ).
In conclusion, we have presented ARPES measurements for bismuth selenide which are aimed at a study of the behaviour of the bulk valence-band in the high-symmetry mirror plane in the bulk BZ. We have probed a large range of k-space by taking data at a dense mesh of angles and photon energies (only data alongΓ −M shown here). We have theoretically considered the effect of many-body corrections within the GW approximation on the band structure, in particular, on the lowest conduction and highest valence band, and demonstrated how ab initio GW results depend on the DFT reference band structure and on atomic positions of Bi and Se atoms in the rhombohedral crystal structure of Bi 2 Se 3 . As a net result, we have arrived at theoretical and experimental data which are in good agreement and indicate consistently that Bi 2 Se 3 is a direct-gap semiconductor with the VBM located at the Γ point. The ground-state calculations were carried out using a plane-wave cutoff of k max =4.5 bohr -1 , an angular momentum cutoff of l max =10, and a 7×7×7 Γ-centered k-point sampling of the BZ. The FLAPW basis has been extended by conventional local orbitals of Refs. S3 and S4 to treat quite shallow semi-core d-states (3d for Se and 5d for Bi). The energy cutoff between core and valence states was put at -1.95 Ha, which corresponds to 78 valence electrons in the considered energy window for the rhombohedral Bi 2 Se 3 . Additionally, to describe high-lying unoccupied states accurately [S5] , we have also included for each atom one local orbital per angular momentum up to l = 3.
S1. Computational details
The GW calculations were performed with ~300 unoccupied bands and less dense Monkhorst-Pack grid (4×4×4) than in the case of ground-state calculations. For the mixed product basis [S6, S7] , which is used to represent the dielectric matrix within the RPA, an angular momentum cutoff in the MT-spheres is chosen to be 4 and a linear momentum cutoff is put at 3.5 bohr -1
. After optimization, total number of product-basis functions amounts to 1050. In the self-energy calculations, the frequency convolution of the Hartree-Fock term is evaluated analytically, whereas the correlation term is obtained with the use of a contour integration on the complex frequency plane.
S2. Extraction of experimental dispersion and dependence on bulk doping
In a simplified picture, the ARPES intensity presented in Fig. 1 of the main text can be viewed as an image of the sample's spectral function, as a function of binding energy and k. In this case the experimental dispersion is simply given by the maxima in the photoemission intensity. The data in the left part of the figure are identical to the normal emission cut presented in Fig. 1(a) . For both doping levels, the curves tracking the intensity maxima corresponding to the VB and CB are emphasized by solid lines. The position of the non-dispersing DP is marked by a dashed line. Note that the solid lines are identical for the two samples, merely shifted in energy to account for the different doping level, demonstrating that the bulk doping level has only a very minor influence on the band dispersion. Moreover, it is clear that using a strongly n-doped samples is a considerable advantage here because the CB dispersion can be observed in addition to the VB dispersion, permitting the determination of the fundamental gap size. Note finally, that the same dispersion is also found for a situation in which both the VB and the CB states are quantized due to strong band bending near the surface. In such a situation, a continuous curve is not a good representation of the data anymore but the quantized states lie in the energy range spanned by the curve and they are resonantly excited at the same photon energies as the non-quantized states. An illustration of this can be found in Fig. 9 of Ref. 24. 
S3. Dielectric constant of bismuth selenide

